SU(3)-breaking ratios for $D_{(s)}$ and $B_{(s)}$ mesons by Boyle, Peter A et al.
SU(3)-breaking ratios for D(s) and B(s) mesons
RBC and UKQCD Collaborations
P. A. Boyle,a L. Del Debbio,a N. Garron,b A. Jüttner,c A. Soni,d J. T. Tsang 1a and
O. Witzela,e
aHiggs Centre for Theoretical Physics, School of Physics & Astronomy, University of Edinburgh,
EH9 3FD, United Kingdom
bTheoretical Physics Division, Department of Mathematical Sciences, University of Liverpool, Liv-
erpool L69 3BX, United Kingdom
cSchool of Physics and Astronomy, University of Southampton, Southampton, SO17 1BJ, United
Kingdom
dPhysics Department, Brookhaven National Laboratory, Upton, NY 11973, United States
eDepartment of Physics, University of Colorado Boulder, Boulder, CO 80309, United States
E-mail: paboyle@ed.ac.uk, luigi.del.debbio@ed.ac.uk,
nicolas.garron@liverpool.ac.uk, juttner@soton.ac.uk,
adlersoni@gmail.com, j.t.tsang@ed.ac.uk, oliver.witzel@colorado.edu
Abstract: We present results for the SU(3) breaking ratios of decay constants fDs/fD
and fBs/fB and - for the first time with physical pion masses - the ratio of bag parameters
BBs/BBd , as well as the ratio ξ, forming the ratio of the nonpeturbative contributions
to neutral B(s) meson mixing. Our results are based on Lattice QCD simulations with
chirally symmetric 2+1 dynamical flavors of domain wall fermions. Eight ensembles at
three different lattice spacing in the range a = 0.11 − 0.07 fm enter the analysis two of
which feature physical light quark masses. Multiple heavy quark masses are simulated
ranging from below the charm quark mass to half the bottom quark mass. The SU(3)
breaking ratios display a very benign heavy mass behaviour allowing for extrapolation to
the physical bottom quark mass.
The results in the continuum limit including all sources of systematic errors are fDs/fD =
1.1652(35)stat
(
+120
−52
)
sys
, fBs/fB = 1.1852(48)stat
(
+134
−145
)
sys
, BBs/BBd = 1.0002(43)stat
(
+60
−82
)
sys
and ξ = 1.1853(54)stat
(
+116
−156
)
sys
. Combining these with experimentally measured values
we extract the ratios of CKM matrix elements |Vcd/Vcs| = 0.2148 (56)exp
(
+22
−10
)
lat
and
|Vtd/Vts| = 0.20181 (41)exp
(
+197
−266
)
lat
.
1Corresponding author.
ar
X
iv
:1
81
2.
08
79
1v
1 
 [h
ep
-la
t] 
 20
 D
ec
 20
18
Contents
1 Introduction 1
2 Numerical simulations 5
2.1 Ensemble properties 6
2.2 Heavy quark discretisation 6
2.3 Measurement strategy 7
3 Correlator analysis 9
3.1 Two point function fits 9
3.2 Bag parameter fits 11
4 Data analysis 12
4.1 Fit ansatz 13
4.2 Global fit strategy 13
4.3 Global fit results 14
4.4 Error budget 19
5 Results and comparison with the literature 24
5.1 Ratio of decay constants 25
5.2 Neutral meson mixing 26
6 Phenomenological implications and extraction of CKM matrix elements 27
7 Conclusion and outlook 27
A Results of correlation function fits 29
B Results of the global fit 31
1 Introduction
In the Standard Model (SM) one can parameterise the QCD contribution to weak decays of
charged pseudoscalar mesons (e.g. B±, D± and D±s ) into a lepton and a neutrino via the
leptonic decay constants fB± and fD±
(s)
. Similarly the mass difference between the two mass
eigenstates of neutral mesons, which mix under the weak interaction, (e.g. B0 − B¯0 and
B0s − B¯0s mixing) can be parametrised colorred in terms of Standard Model free parameters
and experimentally known quantities. Both these parametrisations involve elements of the
CKM matrix, which are not known a priori. However, the structure of the SM constrains
– 1 –
this matrix to be unitary, so by independent precise determinations of the elements of this
matrix, its unitarity can be tested and hence tests of the SM performed.
For charged pseudoscalar mesons P with quark content q¯2q1 experiments measure the
decay rates Γ(P → lνl) which can be expressed as
Γ(P → lνl) = |Vq2q1 |2 f2P K1 +O(αEM ). (1.1)
Here K1 are perturbatively known expressions, Vq2q1 is the relevant CKM matrix element
and fP is the decay constant. When electromagnetic effects are neglected (c.f. equation
(1.1)), the decay rate factorises and hence precise knowledge of the non-perturbative quan-
tity fP allows for an extraction of the CKM matrix element under consideration.
These decay rates have been measured for P± = D±(s) and B
± by CLEO-c [1–7],
BaBar [8, 9], Belle [10, 11] and BESIII [12, 13]. After accounting for the perturbative
contributions K1, we can identify the product of the relevant CKM matrix element and
the charged decay constants (fP ) as summarised by the Particle Data Group (PDG) [14]
leading to the following global averages:
|Vcd| fD+ = 45.91(1.05) MeV [1, 2, 12]
|Vcs| fD+s = 250.9(4.0) MeV [3–8, 10]
|Vub| fB+ = 0.77(7) MeV [9, 11].
(1.2)
We note that the very recent result by BESIII [13] quoting |Vcs| fD+s = 246.2(3.6)stat(3.5)sys
is not included in this average yet. Adding this into the average, by treating [13] and the
average presented in [14] as uncorrelated, we obtain
|Vcs| fD+s = 249.1(3.2) MeV [3–8, 10, 13], (1.3)
in full agreement with the PDG value, but with a slightly reduced error.
Similarly, the mass differences between the mass eigenstates of the B0−B¯0 and B0s−B¯0s
systems can be measured to great precision as oscillation frequencies. When considering the
mixing of B0(s) mesons in the SM, the right diagram in Figure 1 is dominated by top loops
(i.e. q = q′ = t) and therefore by short distance contributions. The SM prediction of the
mass differences ∆md and ∆ms (for P = B0, B0s , respectively) can again be expressed as a
function of known perturbative factors (K2), CKM matrix elements and non-perturbative
quantities such as decay constants fP and renormalisation group invariant bag parameters
BˆP , i.e.
∆mq =
∣∣V ∗tqVtb∣∣2K2f2PmP BˆP . (1.4)
The mass difference ∆md has been measured by ALEPH [15], BaBar [16–20], Belle [21–23],
CDF [24–28], D0 [29], DELPHI [30, 31], OPAL [32], L3 [33], LHCb [34–37], whilst ∆ms
has only been measured by LHCb [36–39] and CDF [40]. The values for both observables
have been summarised and averaged in Ref. [14] leading to the global averages
∆md = 0.5065(16)(11) ps
−1 [15–37],
∆ms = 17.757(20)(07) ps
−1 [36–40],
(1.5)
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where the first error is statistical and the second systematical. Note that the perturbative
factor K2 in (1.4) cancels in the ratio ∆ms/∆md leading to
∆ms
∆md
=
∣∣∣∣VtsVtd
∣∣∣∣2 mB0smB0 f
2
B0s
BˆB0s
f2
B0
BˆB0
. (1.6)
Similar to the case of leptonic decays, precise predictions of the non-perturbative quantities
fP and BˆP (for P = B0(s)) enables the extraction of |Vts/Vtd|.
The current central values and one σ error band for the CKM matrix elements as
determined by the CKMfitter group [41, 42] (left) and the UTfit [43] group (right) are
0.224608
(
+254
− 60
)
= |Vcd| = 0.22500(54)
0.973526
(
+50
−61
)
= |Vcs| = 0.97344(12)
0.008710
(
+ 86
−246
)
= |Vtd| = 0.00869(14)
0.04169
(
+ 28
−108
)
= |Vts| = 0.04124(56).
(1.7)
The CKMfitter [41, 42] (left) and UTfit [43] (right) groups quotes their current best estimate
for the ratios |Vcd/Vcs| and |Vtd/Vts|1 to be
0.230730
(
+280
− 74
)
= |Vcd/Vcs|
0.2088
(
+16
−30
)
= |Vtd/Vts| = 0.211 (3) .
(1.8)
Further detail on how the numbers in equations (1.7) and (1.8) are obtained are given in
Ref. [41–43].
The non-perturbative quantities fP and BˆP can be calculated in lattice QCD. The bare
decay constants and bare bag parameters are defined as〈
0
∣∣Aµq1q2 ∣∣P (p)〉 = ifP pµP (1.9)
and
BP =
〈
P¯ 0
∣∣OV V+AA ∣∣P 0〉
8/3f2Pm
2
P
, (1.10)
where P is the pseudoscalar meson under consideration with four-momentum pµ and mass
mP . In particular we will consider P = D(s), B(s), i.e. q2 = c, b and q1 = u/d, s. A
µ
q1q2 is
the axial vector current defined by Aµq1q2 = q¯2γµγ5q1 and the four-quark operator OV V+AA
is given by (q¯2γµ(1− γ5)q1) (q¯2γµ(1− γ5)q1). Quark flow diagrams that describe these
processes are shown in Figure 1.
In this paper we consider the leptonic weak decays of charged mesons (D±, D±s and
B±) as well as the mixing of the neutral B0(s)-meson with its antiparticle B¯
0
(s)
2. More
specifically, we will consider ratios which are typically more precise since common factors
1We thank Sébastian Descotes-Genon, Jérôme Charles and Marcella Bona for private communication of
these results.
2We use the notation B0(s) to simultaneously refer to B
0 ≡ B0d and B0s .
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P+
u, d, s
c¯(b¯)
l¯
νl
P¯ 0
q
q¯′
P 0
b l, s
b¯l¯, s¯
Figure 1. Left : Quark flow diagrams for the decay of a charged pseudoscalar meson. Right : Quark
flow diagram for neutral meson mixing. For the shown diagram (i.e. for P = B(s)), the quarks q
and q′ in the loop have charge +2/3 (i.e. u,c,t). For the case D0 − D¯0 mixing the bottom quark
would be replaced by a charm quark and q, q′ would have charge -1/3.
and parts of the systematic errors and of the statistical noise cancel. In particular we will
consider the SU(3) breaking ratios fDs/fD, fBs/fB, BˆBs/BˆBd ≡ BBs/BBd and
ξ ≡ fBs
√
BBs
fB
√
BBd
. (1.11)
As was first pointed out in ref [44], precise knowledge of SU(3) breaking ratios, such as
BBs/BBd , fBs/fB and ξ, can be combined with the measured mass differences to extract
the ratio |Vtd/Vts| from ∣∣∣∣VtdVts
∣∣∣∣ =
√√√√(∆md
∆ms
mB0s
mB0d
)
exp
(
ξ
)
lat
. (1.12)
As a result, we present constraints for the ratios |Vcd/Vcs| and |Vtd/Vts|.
A summary of relevant lattice results for fDs/fD, fBs/fB, ξ andBBs/BBd was presented
by the Flavour Lattice Averaging Group (FLAG) [45]. Whilst lattice computations of heavy-
light decay constants have become more mature over the last few years, there are still only
few results for direct simulations at the physical pion mass [46–48]. For the case of neutral
meson mixing (BBs/BBd and ξ) this is the first result that is obtained from simulations
including physical pion masses.
For the ratio fDs/fD FLAG averaged the results presented in refs. [48–56]. Since then
two new results [46, 47] have been presented. Similarly, the ratio of decay constants fBs/fB
have also been computed by various lattice groups [47, 55–62]. For ξ and BBs/BBd only
a few collaborations have published results [55, 62–65]. For results in the b-sector, the
lattice formulations of the heavy quark vary widely, leading to differing systematic errors.
The results presented in this paper are obtained from a chirally symmetric action which
renormalises multiplicatively and therefore is free of renormalisation uncertainties. A more
detailed discussion of these results is presented in Section 5.
The remainder of this paper is organised as follows. In Section 2 we describe our
ensembles, our choice of heavy quark discretisation and our strategy to obtain correlation
functions. In Section 3 we describe our correlation function analysis to deduce the required
energies and matrix elements, before addressing the global fit and the full error budget
in Section 4. Section 5 provides a comparison of our results with the known literature.
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Name L/a T/a a−1[GeV] mpi[MeV] mpiL hits ×Nconf
C0 48 96 1.7295(38) 139.17(0.35) 3.86 48× 90
C1 24 64 1.7848(50) 339.76(1.22) 4.57 32× 100
C2 24 64 1.7848(50) 430.63(1.38) 5.79 32× 101
M0 64 128 2.3586(70) 139.34(0.46) 3.78 64× 82
M1 32 64 2.3833(86) 303.56(1.38) 4.08 32× 83
M2 32 64 2.3833(86) 360.71(1.58) 4.84 32× 76
M3 32 64 2.3833(86) 410.76(1.74) 5.51 32× 81
F1 48 96 2.774(10) 233.52(1.01) 4.04 48× 98
Table 1. This table summarises the main parameters of the ensembles used for the presented
calculation. All ensembles have Nf = 2 + 1 flavours in the sea. C stands for coarse, M for
medium and F for fine. The columns hits and Nconf give the number of measurements on a given
configuration and the total number of configurations used, respectively.
Section 6 assesses the phenomenological implications, such as the determination of ratios
of CKM matrix elements before we conclude in Section 7. The status of this calculation
was previously reported in [66, 67].
2 Numerical simulations
We are performing this calculation in isospin symmetric lattice QCD with Nf = 2 + 1
flavours, thereby capturing the dynamical effects of light (degenerate up and down) and
strange quarks in the sea. We utilise RBC/UKQCD’s Nf = 2 + 1 ensembles with physical
light quarks at a−1 ∼ 1.7, 2.4 GeV [68] and one ensemble with a finer lattice spacing of
a−1 ∼ 2.8 GeV and mpi ≈ 235 MeV [46]. We complement our dataset with RBC/UKQCD’s
heavier pion mass ensembles [69–71], to guide the small correction of the fine ensemble
towards the physical pion mass.
For the heavy quarks we adopt a similar strategy to our previous work [46] by sim-
ulating a range of heavy quark masses mh from slightly below the charm quark mass to
approximately half the b quark mass. For the neutral meson mixing computation, we only
consider the charge assignment suitable for B(s) meson mixing (cf. Figure 1), so that in the
limit mh → mb, we recover the correct quantities for B(s)-meson mixing.
As we will lay out in Sections 2.1 and 2.2, our discretisation differs between the
light/strange and the charm sector, resulting in a mixed action. In this work we solely
focus on results for observables where the renormalisation constants cancel. Work is in
process to calculate the required mixed-action renormalisation factors (as laid out in [46])
in order to also obtain results for the individual decay constants and bag parameters, rather
than their ratios.
– 5 –
Name DWF M5 Ls am
sea,val
l am
sea
s am
phys
s σ Nσ
C0 M 1.8 24 0.00078 0.0362 0.03580(16) 4.5 400
C1 S 1.8 16 0.005 0.04 0.03224(18) 4.5 400
C2 S 1.8 16 0.01 0.04 0.03224(18) 4.5 100
M0 M 1.8 12 0.000678 0.02661 0.02539(17) 6.5 400
M1 S 1.8 16 0.004 0.03 0.02477(18) 6.5 400
M2 S 1.8 16 0.006 0.03 0.02477(18) 6.5 100
M3 S 1.8 16 0.008 0.03 0.02477(18) 6.5 100
F1 M 1.8 12 0.002144 0.02144 0.02132(17) 8.0 200
Table 2. Domain wall parameters for the light and strange quarks. All quoted values for aml,s
are bare quark masses in lattice units. The column DWF corresponds to the chosen domain wall
fermion formulation, i.e. M(öbius) or S(hamir) domain wall fermions.
2.1 Ensemble properties
All ensembles use the Iwasaki gauge action [72] and the domain wall fermion action [73–76].
The ensembles with heavier pion masses (C1-2,M1-3) use the Shamir action approximation
to the sign function [76, 77], the remaining ensembles (C0, M0, F1) the Möbius action
approximation with the same HT kernel [78]. The parameters of both of these actions are
chosen such that they lie on the same scaling trajectory, allowing for a combined continuum
limit [68]. Details of the main parameters of these ensembles are summarised in Tables 1
and 2.
Table 2 also describes the light and strange valence parameters. All light quarks are
simulated at their unitary value amseal = am
val
l , whilst the valence strange quark masses
were tuned to their physical values as determined in refs [46, 68]. All propagators were
generated using Z2-wall sources [79–81]. For the light and strange quark propagators, we
used Gaussian smearing [82–84] to achieve a better overlap with the ground state. The
smearing parameters σ and Nσ are listed in Table 2.
2.2 Heavy quark discretisation
In our previous work [46, 85] the limitations of our formalism prohibited the direct simula-
tion of physical charm quark mass on the coarse ensembles. We therefore required a slight
extrapolation in the heavy quark mass to reach the physical charm quark mass on our coars-
est ensembles. We found that it is possible to increase the heavy-quark mass reach by stout
smearing [86] the gauge fields prior to performing the charm quark inversions [66, 87]. A
comparison of the effect on the residual chiral symmetry breaking parameter mres was pre-
sented in ref [66]. We found that three hits of stout smearing with the standard parameter
ρ = 0.1 extends the reach in the heavy quark mass compared to our previous work [66, 87].
Table 3 lists the domain wall parameters as well as the quark masses that were used on
the various ensembles. Since the charm quark is quenched in our calculations this has no
additional unitarity implications which are not already present.
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Name DWF Ls M5 amh
C0 M 12 1.0 0.51, 0.57, 0.63, 0.69
C1 M 12 1.0 0.50, 0.58, 0.64, 0.69
C2 M 12 1.0 0.51, 0.59, 0.64, 0.68
M0 M 12 1.0 0.41, 0.50, 0.59, 0.68
M1 M 12 1.0 0.41, 0.50, 0.59, 0.68
M2 M 12 1.0 0.41, 0.50, 0.59, 0.68
M3 M 12 1.0 0.41, 0.50, 0.59, 0.68
F1 M 12 1.0 0.32, 0.41, 0.50, 0.59, 0.68
Table 3. Bare heavy quark masses in lattice units.
l¯, s¯
c(b)
S
L L
S,L
Γ1 Γ2
0 t
γ5
l¯, s¯
c(b)
γ5
l, s
c¯(b¯)
OV V+AA
L
S
S
L
0 ∆Tt
Figure 2. Schematic description of the set-up of our two-point (left) and three-point (right)
correlation functions.
2.3 Measurement strategy
The left panel of Figure 2 shows our set-up for the computation of two-point functions.
These take the form
Cs1,s2Γ1,Γ2(t) ≡
∑
x
〈(
Os2Γ2(x, t)
)(
Os1Γ1(0, 0)
)†〉
=
N=∞∑
n=0
(
M s2Γ2
)
n
(
M s1Γ1
)∗
n
2En
(
e−Ent ± e−En(T−t)
)
,
(2.1)
where the interpolation operators OsΓi define the quantum numbers of the meson under
consideration and are given by
OsΓi(t,x) =
(
q¯2(t,x)
∑
y
ωs(x,y)Γiq1(t,y)
)
. (2.2)
Here q1 and q2 give the quark content of the meson and we consider the cases Γi = γ5 ≡ P
(pseudoscalar) and Γi = γ0γ5 ≡ A (axial vector). ωs denotes that each propagator can be
smeared (S) or local (L) at both the source and the sink. For the local case, ω reduces to a
Kronecker-delta (i.e. ωL = δx,y). In principle we consider the cases s ∈ {LL, SL,LS, SS}
for each of the two operators (where the first entry corresponds to the smearing of the source
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and the second entry to that of the sink). For the smeared case, ωs is obtained by Gaussian
smearing via Jacobi iteration [82, 84, 88], the parameters of which are given in Table 2. In
practice, we never smear the heavy quark propagator and always smear the source of the
light and strange quark propagators. For the sink of the light and strange quark propagators
we allow for both options. For the heavy-light systems under consideration we thus consider
SL and SS only (dropping the indices corresponding to the heavy propagators). The overlap
coefficients M siΓi for state n are given by(
M siΓi
)
n
=
〈
Xn
∣∣∣OsiΓi ∣∣∣0〉 , (2.3)
where Xn is the nth excited meson state X with the correct quantum numbers. In the
remainder of this paper we will omit the label for the state if only one state is considered.
The right panel of Figure 2 shows how we obtain the three point functions from which
the bag parameters are determined. We create a state with the quantum numbers of P¯ at
t = 0, let it propagate to the operator insertion t, where it is transformed to the state P
and then annihilate this state at ∆T . Noting that the external states are always build from
a smeared light (strange) propagator there is no need to label the smearing combination for
the three point function C3(t,∆T ). Considering the zero momentum projected three point
function, we can rewrite the correlation functions as
C3(t,∆T ) ≡
〈
P (∆T )OV V+AA(t)P¯
†(0)
〉
=
∑
n,n′
1
4mnmn′
(
MSP
)
n
〈
n
∣∣OV V+AA(t) ∣∣n′〉 (MSP )∗n′
×
(
e−(∆T−t)mn + e−(T−∆T+t)mn
)(
e−tmn′ + e−(T−t)mn′
)
≈ 1
4m2
(
MSP
)
0
e−(∆T−t)m 〈P |OV V+AA(t) |P 〉
(
MSP
)∗
0
e−tm,
(2.4)
where in the final line, we assumed that only the ground state contributes and that “around-
the-world” contributions are negligible.
The signal-to-noise ratio quickly deteriorates for large times so obtaining a signal in
the low t region is favourable. Hence a trade off between choosing ∆T as small as possible
without pollution from excited states is required, which will be discussed in section 3.2.
We place a Z2-wall source on every second time slice across the lattice, hence produce all
required correlation functions (T/a)/2 times per configuration (cf. column hits in Table 1).
These correlation functions are translated in time and binned into one effective measurement
per configuration prior to any statistical analysis. In addition to improving the statistical
signal, this allows us to compute the bag parameters for many source-sink separations ∆T
(compare Figure 2) without needing to invert additional propagators. For a given ∆T these
three point functions are obtained by contracting the propagators originating from different
wall source positions with the four-quark operator. Finally, this multi-source approach
allows us to make efficient use of the HDCG algorithm [89], rendering this computation
affordable.
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3 Correlator analysis
We bin all measurements on a given configuration into one effective measurement. Prior to
any analysis step, we make use of the last lines of equations (2.1) and (2.4) and symmetrise
all two and three point correlation functions with respect to T/2 and ∆T/2, respectively
and before restricting the data to the temporal extent from t ∈ [0, T/2] and t ∈ [0,∆T/2],
respectively.
We conservatively choose to illustrate all correlator fits for the heaviest mass point on
the M0 ensemble, since this is a worst case scenario given the large difference between the
physical light quark mass and the heavier-than-charm quark mass. The error propagation is
carried out by using bootstrap resampling using 2000 bootstrap samples. We use different
seeds for the random number generator for different ensembles, to avoid the introduction
of any spurious correlations.
3.1 Two point function fits
We extract values for the masses and matrix elements by performing a simultaneous double-
exponential fit (i.e. n = 0, 1 in (2.1)) to six correlation functions in the interval t ∈
[tmin, tmax). In particular we simultaneously fit the correlation functions CSLAA, C
SS
AA, C
SL
AP ,
CSSAP , C
SL
PP and C
SS
PP . From this we obtain the mass mi as well as the bare matrix elements
MLP,i, M
S
P,i, M
L
A,i and M
S
A,i, where i = 0, 1 refers to the ground state and the first excited
state, respectively. The result of such a fit is shown in the left hand panel of Figure 3.
The coloured data points (circles and squares) show the effective mass of the correlation
functions that enter the fit, the grey horizontal band depicts the ground state mass that is
obtained from a fit to the data in the range [tmin, tmax) (indicated by the vertical dotted
lines). The coloured shaded bands show the effective mass obtained by reconstructing
the respective correlation functions from the fit-results. We can see that the data is well
described by these fits. The results to all correlation functions fits are tabulated in the
appendix in Table 6.
Whilst for a pure ground state fit, the effective mass provides a visual cross-check of a
plateau range in which one can approximate the correlation function as a single state, this
is more difficult for fits including excited states. We circumvent this in the following: As-
suming we are in a range where only the ground state and the first excited states contribute
(and for simplicity restricting ourselves to t T/2), we can write
Cpqab (t) ≡
∞∑
n=0
e−Ent
2En
(Mpa )n
(
M qb
)
n
≈ e
−E0t
2E0
(Mpa )0
(
M qb
)
0
+
e−E1t
2E1
(Mpa )1
(
M qb
)
1 (3.1)
We now consider linear combinations of the form
EX,Y (t) = C(t)X −D(t)Y (3.2)
where C and D are two of the original correlation functions and X,Y are some constants.
Assuming we have carried out a fit to determine the matrix elements
(
MLA
)
i
,
(
MSA
)
i
,
(
MLP
)
i
and
(
MSP
)
i
for i = 0, 1, we can now choose C(t) and D(t), such that they have one of the
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Figure 3. Example correlation function fit for heaviest D-like meson on the M0 ensemble. The
data points in the left panel show the effective masses of the correlation functions that enter the
fit. On top of this, the effective mass of the fit results is superimposed. The grey horizontal band
shows the ground state fit result obtained in this way. The right panel shows the effective mass of
the linear combinations of correlation functions that are mentioned in the text. The dashed vertical
lines correspond to the values of tmin and tmax.
two matrix element factors in common. Furthermore we identify the factors X and Y with
the excited state matrix element of the respective other correlation function which they do
not have in common. More precisely, we construct the linear combinations
CAP1 (t) ≡ CSSAP (t)
(
MLA
)
1
|fit − CLSAP (t)
(
MSA
)
1
|fit
CPP1 (t) ≡ CSSPP (t)
(
MLP
)
1
|fit − CLSPP (t)
(
MSP
)
1
|fit
DSL1 (t) ≡ CSLAP (t)
(
MLA
)
1
|fit − CSLAA(t)
(
MLP
)
1
|fit
DSL2 (t) ≡ CSLPP (t)
(
MLA
)
1
|fit − CLSAP (t)
(
MLP
)
1
|fit,
(3.3)
where
(
MSP
)
1
|fit and
(
MLP
)
1
|fit refer to the central values of the fit. We stress that this is
applicable to any pair of two-point correlation functions that have the same spectrum and
one matrix element in common.3
If the fit describes the data well, the excited state contribution cancels in this difference
and such an effective mass plot should show a plateau in the region of the fit. Furthermore
this plateau needs to coincide with the fit result for the ground state energy. This procedure
therefore serves as a strong a posteriori check.
The right panel of Figure 3 shows the effective masses of some of the linear combinations
which can be obtained from the correlation functions. The grey horizontal band shows the
ground state mass which is obtained from the fit. We note that in between the two vertical
lines, the effective mass of the reconstructed data points lie within the grey band. In
addition to this strong visual check, we also varied tmin and tmax to investigate stability
under these changes. This is presented for the case of the heaviest heavy quark mass on
3We note that if the backwards travelling contribution comes with the opposite sign between the two
correlation functions in this difference, this only holds for values of t where temporal “around-the-world”
effects are negligible. However for heavy-light quantities this contribution is suppressed by a factor smaller
than e−ET/2 where the smallest simulated values are ET/2 ∼ 23. This is therefore negligible.
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Figure 4. Impact of the choice of fit range on the observables of interest, i.e. the mass m and the
(bare) decay constant f . Results are shown for the heaviest heavy-light (left) and heavy-strange
(right) mesons on the M0 ensemble.
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Figure 5. Example fits for the heavy-light bag parameters on the M0 ensemble for the heaviest
heavy quark mass for the respective choices of ∆T . The left panel shows the fit to a constant for
the chosen value of ∆T/a = 22. The right panels show the stability as a function of the source-sink
separation ∆T . The magenta star illustrates our chosen value for ∆T and the obtained result.
the M0 ensemble in Figure 4. All variations of the fit range are well within the quoted
statistical uncertainty, particularly for the heavy-light case which dominates the error on
all the presented ratios.
3.2 Bag parameter fits
Since we are interested in BP , we construct ratios in which the matrix elements MSP cancel
(c.f. equation (2.4)). More precisely we construct ratios R(t,∆T ) which, in the limit of
large t and ∆T , plateau to the value of the bag parameter BP .
R(t,∆T ) =
C3(t,∆T )
8/3CSLPA(∆T − t)CLSAP (t)
→ 〈P |OV V+AA(t) |P 〉
8/3m2P f
2
P
≡ BP for t,∆T  0 (3.4)
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Figure 6. Same plot as Figure 5 but for the heavy-strange bag parameter. Note that the heavy-
strange quantity is nearly an order of magnitude more precise than the heavy-light one.
Figures 5 and 6 show example fits of such plateaux and the fits to them for the case of
the heaviest heavy-light and heavy-strange mass points on M0, respectively.
4 Data analysis
From the fits to the correlation function data we have obtained decay constants and bag
parameters for a range of charm quark and pion masses and lattice spacings. Due to the use
of chiral fermions all of these observables renormalise multiplicatively. So by constructing
the ratios fDs/fD and ξ (see (1.11)) all renormalisation constants cancel, such that we
can replace BˆBs/BˆB by BBs/BB in the same equation. Some of the statistical noise and
discretisation effects also cancel, making these observables cleaner. Figure 7 shows the ratio
of decay constants (left) and the ratio of bag parameters (right) as a function of the inverse
heavy-strange pseudoscalar meson mass. The behaviour of these ratios as a function of the
heavy quark mass (set via a meson mass containing a heavy quark) is very benign, lending
confidence to the use of inter/extrapolations in the heavy meson mass. By comparing the
C0 and M0 ensembles (which are at the same pion mass, but differ in lattice spacing), we
note that the discretisation effects appear to also be mild. We notice a stronger dependence
on the pion mass, as is expected for SU(3)-breaking ratios, since in the limit of mpi → mK
they are identically unity. This is the first computation of the ratio of bag parameters and
the SU(3) breaking ratio ξ using ensembles at the physical pion mass, so that the main
reason for this extrapolation is to guide the small extrapolation of the F1 ensemble towards
the physical pion mass.
Recalling how ξ is constructed from the ratio of decay constants and the square root
of the ratio of bag parameters (compare (1.11)) and noting that
√
Bhs/Bhl is very close
to unity, we expect fBs/fB and ξ to be very similar in magnitude, in agreement with a
comment made in ref [90]. This in turn implies that with a high degree of accuracy the
calculation of the SU(3) breaking ratio xi can be approximated by just studying the ratio
of two-point functions required for determining pseudoscalar decay constants.
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Figure 7. Summary of the ratio of decay constants (left) and the ratio of bag parameters BBs/BB
(right) as a function of the inverse Ds mass.
4.1 Fit ansatz
From our simulation data we determine observables O as a function of the lattice spacing
a, the finite volume V and the quark masses. To combine this with the experimental data,
we need to extra/interpolate our data to the physical values of the quark masses as well
as to the continuum (a = 0) and infinite volume. Since quark masses are experimentally
not directly accessible quantities, we set the heavy quark mass by inter/extrapolating the
results to the physical value of appropriate meson masses. We set the light quark mass
by extrapolating to the neutral pion mass of 135 MeV [14]. The charm (bottom) quark
mass is fixed by the heavy-light (mD-like), heavy-strange (mDs-like) or heavy-heavy (ηc-
like) pseudoscalar meson mass. From our previous experience [67], we find that the chiral
slope in our data and the continuum limit artifacts are well described by terms linear in
∆m2pi ≡ m2pi −
(
mphyspi
)2
and a2, respectively. In the past, we further found that the heavy
quark behaviour is captured well, by expanding in ∆m−1H ≡ 1/mH − 1/mexpandH where mH
is the meson chosen to set the heavy quark mass, and mexpandH is the point around which
the expansion is performed.
We therefore describe the data O(a,mpi,mH) at given lattice spacing a, pion mass (mpi)
and heavy meson mass (mH), by the fit ansatz
f(a,mpi,mH) = O(0,mphyspi ,mphysH ) + Cχ∆m2pi + CCLa2 + CH∆m−1H (4.1)
To check the validity and to estimate any systematic errors induced by this ansatz, we
systematically vary this ansatz and the data that enters the fit (cuts). For example, we
consider the impact of various pion mass cuts, the exclusion of the heaviest data points etc.
Finally, we will also estimate higher order effects that are not captured by this fit form.
4.2 Global fit strategy
In addition to the number of data pointsNobs of the observable under consideration (fsh/flh,
BBs/Bd or ξ), also the parameters that the expression in (4.1) depends on, enter the fit.
These are the Nobs values of the heavy meson mass mH (there is a corresponding meson
mass for each value of the observable), the Nens values of the pion masses (one per ensemble)
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and the Na values of distinct lattice spacings (i.e. C1/2 and M1/2/3 share the same lattice
spacings respectively). We will collectively refer to these Nx ≡ Nobs +Nens +Na values as
xi and note that their uncertainties have to be taken into account correctly. For the meson
massesmpi andmH these arise from correlator fits and are therefore fully correlated between
the observables and each other. However, this is not the case for the lattice spacing a, since
this was determined from a different analysis including a larger set of gauge ensembles as
described in refs [46, 68]. To propagate this uncertainty, we generate a Gaussian bootstrap
distribution with the correct central value and match its width to the error.
The fit is then carried out via χ2 minimisation, where χ2 is defined as
χ2 =
Ntot∑
i=1
Ntot∑
j=1
[yi − F (xi)]C−1ij [yj − F (xj)] , (4.2)
withNtot = Nobs+Nx, (i.e. Nobs values for the observable, Nobs values for the corresponding
heavy meson mass, Nens values of the pion mass and Na values of the lattice spacing). The
yi in (4.2) are given by
yi =
{
Oi(ai,mpii,mHi) for i ≤ Nobs
xi otherwise.
(4.3)
The appropriate values of f(xi) are given by
Fi(xi) =
{
f(ai,mpii,mHi) for i ≤ Nobs
xi otherwise.
(4.4)
Since Cij is the full covariance matrix (i.e. of size Ntot × Ntot), this procedure takes
all correlations between the various data points (pion masses, heavy meson masses and
observables) into account.
In summary, the fit determines not only the parameters O(0,mphyspi ,mphysH ), Cχ, CCL
and CH but also re-determines the x values. We note that this does not add any degrees of
freedom, since the same number of additional parameters that are added to the fit are also
re-determined by it. For the observables considered in this work, we find that the relative
error on the arguments of (4.1) are sufficiently small that the inclusion of the x-errors only
has a negligible effect (i.e. the effect is far smaller than the statistical error). We check that
the output values (xi) are within errors of the input values (xi).
4.3 Global fit results
We now present the results of the global fits described in the previous sections. We choose
as our central value the results obtained from a fit to the data according to (4.1) with a
pion mass cut of 350 MeV and the heavy mass being set by the heavy-strange pseudoscalar
mass. The central values and statistical errors of these fits are
fDs/fD = 1.1652 (35)stat fBs/fB = 1.1852 (48)stat BBs/BBd = 1.0002 (43)stat (4.5)
The coefficients obtained from these fits together with the goodness-of-fit measure χ2/d.o.f
and the associated p-values are listed in Table 4. We note that the χ2/d.o.f values of all
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observable CCL [GeV2] Cχ [GeV−2] CH [GeV] d.o.f. χ2/d.o.f p-value
fhs/fhl 0.031(13) -0.703(29) -0.0621(59) 17 1.21 0.243
BBs/BBd 0.056(13) -0.092(25) +0.0237(94) 17 0.84 0.646
ξ 0.076(19) -0.762(40) -0.056(14) 17 0.83 0.662
Table 4. Results of the base fit (i.e. mmaxpi = 350 MeV and MH = msh). We list the determined
coefficients for the continuum limit slope (CCL), pion mass dependence (Cχ) and heavy mass
dependence (CH), the number of degrees of freedom in the fit as well as the goodness of fit measures
χ2/d.o.f and the corresponding p-values.
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Figure 8. The global fit result for the ratio of decay constants as a function of the inverse heavy
meson mass (left) and between the data and the fit results (right) as described in equation (4.6). The
red circles (blue squares, green diamonds) show the data for the coarse (medium, fine) ensembles
that enter the fit. The magenta line shows the fit function evaluated at physical pion masses in the
continuum. The magenta band illustrates the statistical error. The black and magenta stars show
the result (statistical error only) for fDs/fD and fBs/fB , respectively.
three fits are excellent, producing good values p-values. This is remarkable, given the small
number of fit parameters (4) and the large number of degrees of freedom (17).
The left panel of Figure 8 shows the data entering our preferred fit together with the
fit result (magenta band) for the case of the ratio of decay constants. The coloured bands
and dashed lines show the fit function (c.f. equation (4.1)) evaluated at the respective pion
masses and lattice spacings for each ensemble.
We stress that due to the high degree of correlation of the data points on a given
ensemble, care needs to be taken when trying to consider the contribution to the value of
χ2 from a given data point. In the right panel of Figure 8 we present the data corrected
to the physical pion mass and vanishing lattice spacing, normalised by the heavy mass
behaviour. More precisely we show
O(a,mpi,mH)− CCLa2 − Cχ∆m2pi
f(0,mphyspi ,mH)
. (4.6)
This illustrates that all data points are compatible with the fit at the ∼ 1σ level. We
observe the above mentioned correlations by noting that data points on a given ensemble
remain at a roughly constant distance from the fit. This lends further confidence in our
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description of the behaviour as the heavy mass is varied. Whilst the goodness-of-fit for
the presented fit is excellent, we note that the largest contribution to the χ2/d.o.f arises
from the ensemble M0. This is conservatively addressed in our systematic error analysis by
investigating different choices of pion mass cuts, leading to one of our dominant systematic
errors.
To expose the functional behaviour with respect to each of the three parameters (a2,
m2pi and m
−1
H ) expression (4.1) depends on, we shift the data points to their physical values
along two of these three directions, to validate the behaviour in the third. Figure 9 shows
the data points shifted to the physical pion mass and after discretisation effects have been
removed. Note the change in the y-axis between Figures 8, 9 and 10. The data points
display a very linear behaviour all the way from the lightest data point (below Ds which
is shown by the vertical dotted line) up to heaviest data point (at approximately half the
Bs mass, which is indicated by the vertical dash-dotted line). This linear behaviour allows
us to extrapolate our results to obtain results at the b-quark mass. The difference between
the data at the charm mass and at the bottom mass is only of the order of ∼ 3%, making
this extrapolation very benign. We note that this is largely due to the fact that the heavy
quark behaviour cancels in the ratio of decay constants. Figure 10 shows the projections of
the data points shown in the left panel of Figure 8 to the physical charm quark mass, set
by the Ds mass. In the left (right) panel the data points are also shifted to the physical
pion mass (zero lattice spacing), so that we can compare the continuum limit (pion mass)
behaviour with the data. We see that the continuum limit is rather flat (cf. coefficients CCL
in Table 4), with discretisation effects of around one percent for the coarsest ensemble. The
behaviour with m2pi is stronger, as expected for an SU(3) breaking ratio, with the ensemble
atmpi ∼ 340 MeV differing by ∼ −6% compared to the physical pion mass. This is very well
described by the linear ansatz in ∆m2pi. We emphasise that since our simulation includes
two ensembles at the physical pion mass, the main impact of this slope is to guide the
small extrapolation on the fine ensemble to the physical pion mass. The same behaviour is
observed for the projection to the physical b-quark mass, and we refer to these very similar
looking plots (cf. Figure 23) in the Appendix.
For the ratio of bag parameters BBs/BBd , the discretisation effects are very similar to
the above. The chiral behaviour is suppressed with a coefficient that is roughly an order of
magnitude smaller. So a pion mass of 340 MeV only leads to a difference of ∼ 1% compared
to the physical value. The behaviour with the heavy mass, is very benign and similar in
magnitude to the ratio of decay constants, but opposite in sign.
We can obtain the observable ξ in two ways: We can construct ξ(a,mpi,mH) ensemble
by ensemble and perform the global fit (see equation (4.1)) on this quantity. Alternatively
we can take the output of the global fit for fBs/fB and BBs/BBd and then construct ξ
from these outputs (via equation (1.11)) in the continuum limit and after the extrapolation
to physical masses but including all correlations. We will refer to the former as direct and
latter as indirect determinations. The results with statistical error of these two are
ξ = 1.1851 (74)direct ξ = 1.1853 (54)indirect . (4.7)
The central value remains very stable, but the statistical error of the indirect determination
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Figure 9. Chosen global fit for the ratio of decay constants. All data points are shifted to the
physical pion mass and zero lattice spacing, so the plot shows the behaviour as a function of the
inverse heavy mass.
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Figure 10. Global fit result for the ratio of decay constants. All data points are projected to the
physical charm quark mass, set via mDs . The data points on the left (right) panels are also shifted
to the physical pion mass (zero lattice spacing) and hence illustrates the scaling (chiral) behaviour
of our data. We slightly shift data points along the horizontal axis for better visualisation of the
different data points.
is reduced by roughly 30%. This occurs due to stronger cancellations of statistical errors in
the individual ratios fhs/fhl and Bsh/Bhl as opposed to the direct construction of ξ where
some of these correlations appear to be washed out. We will therefore take the indirect
determination as our preferred value.
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Figure 11. Global fit result for BBs/BB . All data points are shifted to the physical pion mass
and zero lattice spacing.
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Figure 12. Continuum limit and pion mass dependence obtained from the chosen global fit for
BBs/BB
The results of the direct determination are presented in Table 4 and Figures 13 and 14.
Figure 13 again shows the data points shifted to the physical pion mass and zero lattice
spacing. The heavy mass behaviour displayed is very similar to the case of the ratio of
decay constants, with the data being well described by a linear term in the inverse heavy
meson mass that is chosen (here mDs-like mesons). The two panels in Figure 14 show
the projections of the data points shown in Figure 13 to the physical Bs mass. The same
observations as in the case of the ratio of decay constants hold true for this case. However,
the approach to the continuum is slightly steeper with discretisation effects on the coarsest
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Figure 13. Global fit result for ξ. Similar to Figure 9, all data points are shifted to the physical
pion mass and zero lattice spacing.
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Figure 14. Continuum limit and pion mass dependence obtained from the chosen global fit for
ξ. All data points are shifted to the physical Bs meson mass and the physical pion mass (left) or
vanishing lattice spacing (right).
ensemble being ∼ 2% (compare CCL in Table 4).
4.4 Error budget
We will now estimate the various systematic errors. These are tabulated in Table 4.4. We
start by considering the systematic errors due to the global fitting procedure. To this end,
we consider variations in the fit ansatz. First we compare the results obtained from the
global fit for different pion mass cuts. The results for all of these fits are listed in Tables
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8, 9, 10 and 11. We note some of the fits including the heavier pion mass ensembles,
in particular for mmaxpi = 450 MeV and mmaxpi = 430 MeV, display a poorer fit quality
with unacceptable values of χ2/d.o.f.. For this reason we only consider the pion mass
cuts of mmaxpi = 400, 350, 330 and 250 MeV (the red, blue, green and yellow data points in
Figures 15 - 18, respectively) for our systematic error estimation. These cuts successively
eliminate ensembles from the fit. Furthermore we consider including (“inc”) all data points
or excluding the heaviest data point on all coarse (“exc h/C”) or all (“exc h/all”) ensembles.
This choice is justified, since we expect the heaviest mass points and the coarse ensembles
to be most strongly afflicted by discretisation effects. For the case of fDs/fD, for which
we have data bracketing the physical value on all ensembles, we also consider a fit where a
physical mass cut of 1.76 GeV ≤ mPDGDs ≤ 2.15 GeV is applied to the heavy-strange meson
mass (labelled as “phys mh cut”). The left hand panels of Figures 15, 16, 17 and 18 list
the outcomes of these variations for fDs/fD, fBs/fB, BBs/BBd and ξ, respectively. We
conservatively assign a systematic error due to the chiral-continuum limit part of the fit
as the maximum spread of the central values from the chosen fit. This is labelled “global
chiral-CL” in Table 4.4. We note that one of the leading systematic errors arises from the
pion mass cut of 250 MeV. Whilst in principle this is the most conservative cut since it
only includes those ensembles closest to the physical point, for this choice of cut only three
ensembles remain in the analysis which would lead to a fully determined system, were it
not for the simulation of several heavy charm quark masses per ensemble. We can observe
this by looking at the coefficients CCL and Cχ for fits with this cut and noting that in all
cases as least one of them becomes compatible with zero.
We conservatively include this pion mass cut into our systematic error estimate, but
use the pion mass cut of 350 MeV as our central value, since this better constraints the
coefficients (therefore fully exploiting the third lattice spacing) whilst giving an excellent
goodness-of-fit. This choice might change if additional ensembles at light quark masses
became available. One desirable choice for such an ensemble would be a physical pion mass
ensemble at a−1 ∼ 2.8 GeV (F0).
Recalling, that we have two ways to determine ξ, which have different statistical proper-
ties, we choose the indirect determination of ξ as our central value, as discussed in equation
(4.7). For this determination, we take both, the ratio of decay constants and the ratio of
bag parameters from fits with the specified cuts. For comparison we also show the results
of the direct determinations as open symbols in Figure 18.
To assess the systematic errors due to the heavy mass dependence we compare setting
the heavy quark mass via a heavy-light (D and B), heavy-strange (Ds and Bs) or heavy-
heavy (ηc and ηb) pseudoscalar meson mass. These are respectively shown as diamonds,
circles and squares in Figures 15-18. The physical masses we use are given by the PDG
averages given in Ref. [14]
m0D = 1.86483(05) GeV m
±
Ds
= 1.9690(14) GeV mηc = 2.9834(05) GeV
m0B = 5.27955(26) GeV m
0
Bs = 5.36684(30) GeV mηb = 9.3990(23) GeV.
(4.8)
We note that the ηc contains a small quark-disconnected contribution which we neglect
in our simulation. In addition to the smallness of this contribution, its effect is further
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suppressed due to the very benign behaviour with the heavy quark mass, displayed in the
SU(3) breaking ratios under consideration. Since in the base fit we choose to fix the heavy
quark mass with the heavy-strange meson mass, this small quark-disconnected contribution
does not affect the final result. For fDs/fD, we expand around m
expand
H = m
PDG
H . We also
compare fits where we additionally include a term C2h
(
1/mH − 1/mPDGH
)2 in (4.1). We
note that we cannot resolve this additional coefficient from zero, since the data does not
display significant curvature. The variations of the results are shown in the right panels of
Figure 15. We note that for fDs/fD, there is no significant variation due to these choices,
due to the presence of precise data in and around the charm region.
For quantities involving a b quark, we require to extrapolate from the region where we
have data to the B(s) or ηb mass. Motivated by heavy quark effective theory (HQET) [91]
we take the expansion point to be the static limit, i.e. 1/mexpandH = 0)
4. We again test the
stability of our fit result by setting the heavy quark mass using the PDG values B, Bs and
ηb as well as systematically applying cuts to the data that enters the fit. For each choice
to set the heavy mass, we carry out the following variations:
1. baseline fit (inc)
2. excluding the heaviest mass point of each coarse ensemble (exc h/C)
3. excluding the heaviest mass point of all ensembles (exc h/all)
4For a linear fit, this amounts simply to a re-definition of the constant f(0,mphyspi ,m
expand
H ).
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Figure 16. Stability of fit results for fBs/fB . The left plot shows variations of the pion mass cuts
(separated by dotted vertical lines, from left to right) between mmaxpi = 400, 350, 330 and 250 MeV.
4. excluding the lightest mass point of each coarse ensemble (exc l/C)
5. excluding the lightest mass point of all ensembles (exc l/all)
We again take the full spread of the central values as our systematic error for the linear
part of the heavy quark extrapolation, which is slightly larger than one statistical standard
deviation. The right hand panels of Figures 16, 17 and 18 show the corresponding results
for fBs/fB, BBs/BBd and ξ, respectively.
We estimate neglected higher order terms to be of the form
O|static
[
1 + α
Λ
mBs
+ β
(
Λ
mBs
)2]
= O|static
[
1 + α
Λ
mBs
(
1 +
β
α
Λ
mBs
)]
(4.9)
for some scale Λ. Assuming that the coefficients of this expansion are of similar order,
we approximate the missing higher order contributions to be the difference between our
baseline fit result and the observable evaluated at the physical heavy meson mass. At the
physical pion mass, zero lattice spacing and β ≡ 0, equation (4.9) reproduces equation
(4.1) if we identify α ≡ Ch/(ΛC). Taking Λ = 500 MeV and conservatively allowing for
a large coefficient (i.e. β/α = 5), we can substitute CH , C from the fit. We obtain
∆fBs/fB = 0.0054 and ∆ξ = 0.0049, which we assign as a (subleading) systematic error
for higher order extrapolation terms (labelled “H.O. heavy mass” in Table 4.4).
Our strategy to asses the systematic errors due to strong isospin breaking and to
estimate higher order discretisation errors which are not included in our fit form closely
follows [46]. Since our simulations are done with degenerate light quark masses (mu =
md = ml), we need to account for the missing strong isospin corrections in our error budget.
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Figure 17. Variations of the fit result for the ratio of bag parameters BBs/BBd , analogous to
Figure 16
in
c
e
x
c 
h
/C
e
x
c 
h
/a
ll
in
c
e
x
c 
h
/C
e
x
c 
h
/a
ll
in
c
e
x
c 
h
/C
e
x
c 
h
/a
ll
in
c
e
x
c 
h
/C
e
x
c 
h
/a
ll
1.16
1.17
1.18
1.19
1.20
1.21
1.22
1.23
ξ
mmaxpi = 400MeV m
max
pi = 350MeV m
max
pi = 330MeV m
max
pi = 250MeV
chiral-continuum stability
in
c
e
x
c 
h
/C
e
x
c 
h
/a
ll
e
x
c 
l/
C
e
x
c 
l/
a
ll
in
c
e
x
c 
h
/C
e
x
c 
h
/a
ll
e
x
c 
l/
C
e
x
c 
l/
a
ll
in
c
e
x
c 
h
/C
e
x
c 
h
/a
ll
e
x
c 
l/
C
e
x
c 
l/
a
ll
mH =B mH =Bs mH = ηb
Heavy mass stability
Figure 18. Stability of fit results for ξ analogous to Figures 16 and 17. The closed data points
display the indirect determinations of ξ, whilst the open symbols show the direct determinations
(c.f. equation (4.7)).
We estimate this, by considering the difference between using the charged or neutral pion,
D and B masses. The corrections due to the pion mass are given by ∼ Cχ
(
m2pi± −m2pi0
)
.
Using Cχ from Table 4, this amounts to 0.0009 for the ratio of decay constants and to 0.0010
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fDs/fD fBs/fB ξ BBs/BBd
absolute relative absolute relative absolute relative absolute relative
central 1.1652 1.1852 1.1853 1.0002
stat 0.0035 0.30% 0.0048 0.40% 0.0054 0.46% 0.0043 0.43%
fit chiral-CL +0.0112−0.0031
+0.96
−0.26%
+0.0110
−0.0045
+0.93
−0.38%
+0.0084
−0.0038
+0.71
−0.32%
+0.0020
−0.0044
+0.20
−0.44%
fit heavy mass +0.0003−0.0000
+0.02
−0.00%
+0.0000
−0.0081
+0.00
−0.69%
+0.0000
−0.0091
+0.00
−0.77%
+0.0012
−0.0031
+0.12
−0.31%
H.O. heavy 0.0000 0.00% 0.0054 0.45% 0.0049 0.41% 0.0021 0.21%
H.O. disc. 0.0009 0.07% 0.0009 0.07% 0.0021 0.18% 0.0016 0.16%
mu 6= md 0.0009 0.08% 0.0009 0.07% 0.0010 0.08% 0.0001 0.01%
finite size 0.0021 0.18% 0.0021 0.18% 0.0021 0.18% 0.0018 0.18%
total systematic +0.0114−0.0039
+0.98
−0.34%
+0.0125
−0.0137
+1.06
−1.16%
+0.0102
−0.0146
+0.86
−1.24%
+0.0041
−0.0070
+0.41
−0.70%
total sys+stat +0.0120−0.0052
+1.03
−0.45%
+0.0134
−0.0145
+1.13
−1.22%
+0.0116
−0.0156
+0.97
−1.32%
+0.0060
−0.0082
+0.60
−0.82%
Table 5. Summary of central values, statistical errors and all sources of systematic errors. The
total systematic is found by adding the respective errors in quadrature. For ease we separately list
the absolute and the relative errors, where the latter are presented in %.
for ξ. Similarly, using the slope Ch with the inverse D (B) meson mass and applying it
to the difference between the charged and the neutral one gives an error of 7 × 10−5 for
fDs/fD, 6× 10−7 for fBs/fB and 5× 10−7 for ξ. We add the relevant terms in quadrature
and list them in Table 4.4 as “mu 6= md”. Assuming O(a4) discretisation effects to be
present, would lead to terms of the form
CCLa
2 +DCLa
4 = CCLa
2
(
1 +
DCL
CCL
a2
)
(4.10)
in the fit ansatz. Since the leading order discretisation effects are accounted for in our fit, it
only remains to quantify the correction to them. Assuming that discretisation effects grow
as a/Λ with Λ = 500 MeV, i.e. DCL/CCL = (0.5GeV)2, we can simply substitute the values
for a and CCL (compare Table 4) to obtain the corrections such a term would lead to. From
this, we find the O(a4) corrections on the finest (coarsest) ensemble to be 0.0001 (0.0009)
for the ratios of decay constants and 0.0003 (0.0021) for ξ. We conservatively take the error
on the estimated of the corrections on the coarse ensembles and list these errors as “H.O.
disc.” in Table 4.4. Finally, for the finite size effects, we evaluate the one-loop finite-volume
HMχPT expressions given in Ref. [90] for our choice of pion masses and volumes. For a
reasonable choice of parameters we find the maximal deviation to be less than 0.18%, which
we assign as a the finite size error as listed in Table 4.4.
5 Results and comparison with the literature
The results of our analysis are summarised in Table 4.4. We will now compare our values
with those published in the literature.
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Figure 19. Comparison of our result (magenta star and band) with results from the literature for
the (isospin symmetric) ratios of decay constants fDs/fD (left) and fBs/fB (right). The squares,
circles and diamonds correspond to Nf = 2+1+1, Nf = 2+1 and Nf = 2 flavour calculations. The
black triangles show the averages published in the 2016 FLAG report [45] for the given number of sea
quark flavours with the results entering this average shown below these black triangles. References
for all the displayed data points are given in the text.
5.1 Ratio of decay constants
Figure 19 shows a comparison of our results with the literature for the ratios fDs/fD (left)
and fBs/fB (right). The result obtained in this work is shown as the magenta star and the
vertical magenta band.
For fDs/fD we find excellent agreement with our previous result [46] which was obtained
on the same ensembles but with a different choice of discretisation for the charm quarks.
There is also no significant tension with the published literature [46–56] or the averaged
values presented by FLAG [45]. We note that other than in this work, there are still only
very few computations including data directly calculated at the physical pion mass [46–48].
For the ratio fBs/fB there are a variety of different results using different methods
in the literature [47, 53, 55–62, 64, 92]. We note that some of the results in refs [58, 62]
have been carried out on a subset of the ensembles (C1/2 and M1/2/3) used in this study,
however using different choices for the heavy quark discretisation. Besides the use of a fully
relativistic formulation, our results improve upon these by the inclusion of physical pion
mass ensembles and a third lattice spacing, leading to a more than three-fold reduction in
error.
We note that in FNAL/MILC 17 [47] and RBC/UKQCD 14A [58], no isospin symmetric
result for the ratio fBs/fB is quoted. For the comparison in Figure 19 we instead take the
correlated average of the results quoted for fBs/fB± and fBs/fB0 which are plotted as the
red square [47] and the blue circle [58] in the right panel of Figure 19. Whilst our result
is comparable with most determinations at the 1σ level, we see a 1-2σ tension with the
FNAL/MILC17 [47], HPQCD17 [61] and HPQCD13 [59] results. However, all three of these
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Figure 20. Comparison of our result (magenta star and band) with results from the literature for
the SU(3) breaking ratios ξ (left) and the ratio of bag parameters BBs/BB (right) analogous to
Figure 19. References for the displayed data points are given in the text.
works have been performed on overlapping gauge ensembles and are therefore correlated.
Prior to this work, only two fully relativistic fermion actions have been employed as heavy
quark discretisation, namely the HISQ action in ref [47] and the twisted mass action in
refs [53, 55, 59, 60]. Other than the result presented here, only one computation [47] with
physical pion masses is currently available for fBs/fB.
5.2 Neutral meson mixing
Figure 20 summarises the current status of the literature for the mixing parameter ξ and
the ratios of bag parameters BBs/BBd [55, 62–65]. We note that compared to the ratio
of decay constants, there are far fewer computations for these observables, none of which
use physical pion mass ensembles. This is the first calculation for ξ and BBs/BBd which
includes ensembles with physical pion masses. The only other result [55] that employs a
fully relativistic set-up is presented in the Nf = 2 calculation using twisted mass fermions.
We obtain a similar error with a somewhat smaller central value for the quantity ξ compared
to ref [63]. Ref [63] used the PDG [93] average of the decay constants fBs/fB to obtain the
ratio of bag parameters, resulting in a larger error for this quantity. For the ratio BBs/BBd ,
our result is two times more precise than the previously most precise value obtained by [55].
We stress that our systematic errors differ from most other lattice computation since due
to the use of a chiral action the decay constants and bag parameter renormalise multiplica-
tively and therefore cancel in the the considered ratios. As a consequence, our computation
is free from lattice renormalisation uncertainties.
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6 Phenomenological implications and extraction of CKM matrix ele-
ments
Having obtained SM predictions for the ratios of decay constants fDs/fD and ξ, we are now
in a position to combine these with experimentally observed quantities to obtain ratios of
CKMmatrix elements. Treating the experimental averages from the first two lines of (1.2) as
uncorrelated we obtain |Vcd/Vcs| = 0.1830(51)×fDs/fD. If we choose the average including
the new BESIII results (see equation (1.3)) which to date only exists as a pre-print [13],
this changes to |Vcd/Vcs| = 0.1843(48) × fDs/fD. Similarly, combining the experimental
averages ∆md and ∆ms (see (1.5)) with the PDG values for mB0s and mB0 (see (4.8)) yields
|Vtd/Vts| = 0.17026(34)× ξ.
Were we to consider the decay rates of the individual charged decays or the individual
mass differences ∆mq for q = s, d, we would have to correct for electromagnetic effects
before extracting Vcd, Vcs, Vub, Vtd or Vts from the pure QCD entities fD(s) and fB(s)
√
BˆB(s) .
However, given that D+s and D+ and respectively B0s and B0 are identical when replacing
the s by the d quark, and both of these have the same charge, we assume that these effects
are highly suppressed in the ratios we consider.
Inserting the lattice results, propagating the errors and assuming that there are no new
physics contributions in the experimental measurements leads to the ratios
|Vcd/Vcs| = 0.2148 (56)exp
(
+22
−10
)
lat
,
|Vtd/Vts| = 0.20181 (41)exp
(
+197
−266
)
lat
.
(6.1)
where we included the new BESIII result [13] in our determination. Had we not included
the new BESIII result we would obtain |Vcd/Vcs| = 0.2132 (59)exp
(
+22
−10
)
lat
. These results
are slightly lower than those currently reported (compare equation (1.8)). We anticipate,
that the global fit values will change as a result of this work.
The error on the ratio |Vcd/Vcs| is currently dominated by the experimental uncertainty.
For |Vtd/Vts|, the situation is reversed and the theoretical uncertainty dominates the error.
This work improves on this by providing a first computation based on chiral fermions with
physical pion mass ensembles.
7 Conclusion and outlook
We have, for the first time, predicted the SU(3) breaking ratios BBs/BBd and ξ in a
calculation based on ensembles with physical pion masses, therefore eliminating any large
chiral extrapolations. Furthermore, we present for the first time, results for SU(3) breaking
ratios in the B(s) mesons systems obtained from an all-domain wall calculation. We have
illustrated that such ratios display a very benign behaviour from below the charm mass to
∼ half the bottom quark mass and that lattice artefacts in our choice of discretisation are
small for these observables. We found that nearly all of the SU(3) breaking effects observed
in the difference of ξ from unity, arise from the ratio of decay constants fBs/fB. This yields
the to-date most precise computation of the ratio of CKM matrix elements |Vtd/Vts|.
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Looking forwards, we anticipate the generation of a third ensemble with physical pion
masses, at the same lattice spacing as our currently finest ensemble (F1). This will address
our leading systematic error, namely the chiral-continuum limit extrapolation. It will allow
to lower the pion mass cut to ∼ 250 MeV whilst still constraining the continuum limit with
three lattice spacings.
Based on the presented dataset we are also working on the mixed action renormalisa-
tion, to deduce the decay constants fD(s) , fB(s) and the standard model bag parameters
BB(s) . We will also address the full set of beyond the SM four-quark operators for B(s)-
mixing and the short distance contribution to D− D¯ mixing. This will be analogous to the
computation presented in [94] for the Kaon sector.
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A Results of correlation function fits
In this section we list the relevant results of the correlation function fits for the two point
functions (Table 6) and the three point functions (Table 7). The fit strategy is discussed in
more detail in the text.
ens amh range amhl afhl χ2/dof range amhs afhs χ2/dof amhh fsh/flh
C0 0.51 [ 7,17) 0.90759(67) 0.14135(57) 0.041 [ 7,24) 0.96797(13) 0.16485(13) 0.033 1.413572(53) 1.1663(47)
C0 0.57 [ 7,17) 0.97440(79) 0.14208(69) 0.053 [ 7,24) 1.03298(15) 0.16599(16) 0.058 1.525400(50) 1.1682(56)
C0 0.63 [ 7,17) 1.03899(94) 0.14172(84) 0.069 [ 8,24) 1.09592(18) 0.16573(21) 0.051 1.632449(49) 1.1694(69)
C0 0.69 [ 7,17) 1.1006(12) 0.1397(10) 0.094 [ 8,24) 1.15600(21) 0.16337(27) 0.098 1.732940(49) 1.1692(88)
C1 0.50 [ 6,17) 0.90826(78) 0.14842(64) 0.029 [ 6,24) 0.95316(40) 0.16324(35) 0.029 1.39276(20) 1.0998(38)
C1 0.58 [ 6,17) 0.99656(95) 0.14935(84) 0.044 [ 6,24) 1.03965(44) 0.16454(43) 0.037 1.54135(19) 1.1018(53)
C1 0.64 [ 6,17) 1.0601(11) 0.1486(11) 0.065 [ 7,24) 1.10187(52) 0.16372(58) 0.034 1.64697(18) 1.1018(75)
C1 0.69 [ 6,17) 1.1106(14) 0.1465(13) 0.094 [ 7,24) 1.15137(59) 0.16136(70) 0.047 1.72972(18) 1.1012(98)
C2 0.51 [ 7,18) 0.93015(72) 0.15441(64) 0.016 [ 7,20) 0.96602(43) 0.16537(39) 0.012 1.41243(20) 1.0710(27)
C2 0.59 [ 7,18) 1.01801(88) 0.15548(85) 0.021 [ 8,20) 1.05216(56) 0.16646(60) 0.013 1.55999(18) 1.0706(37)
C2 0.64 [ 8,18) 1.0708(13) 0.1549(15) 0.022 [ 8,20) 1.10400(64) 0.16581(74) 0.017 1.64761(18) 1.0705(70)
C2 0.68 [ 8,18) 1.1115(15) 0.1534(18) 0.028 [ 9,20) 1.14377(85) 0.1639(11) 0.013 1.71429(18) 1.0684(94)
M0 0.41 [ 9,22) 0.74184(60) 0.10269(52) 0.056 [10,24) 0.78458(11) 0.120553(99) 0.018 1.170921(44) 1.1739(57)
M0 0.50 [ 9,22) 0.84158(80) 0.10247(72) 0.061 [10,24) 0.88275(12) 0.12096(12) 0.021 1.344482(41) 1.1804(80)
M0 0.59 [ 9,22) 0.9350(11) 0.10017(97) 0.070 [10,24) 0.97514(14) 0.11896(15) 0.034 1.507094(39) 1.188(11)
M0 0.68 [ 9,22) 1.0198(14) 0.0948(13) 0.090 [10,24) 1.05931(18) 0.11338(19) 0.085 1.654201(37) 1.195(15)
M1 0.41 [ 8,22) 0.74931(91) 0.10867(65) 0.030 [ 8,24) 0.78445(36) 0.12142(27) 0.016 1.17063(15) 1.1174(54)
M1 0.50 [ 8,22) 0.8489(11) 0.10873(82) 0.053 [ 8,24) 0.88259(39) 0.12183(31) 0.028 1.34397(14) 1.1206(70)
M1 0.59 [ 8,22) 0.9423(13) 0.1067(10) 0.086 [10,24) 0.97496(47) 0.11990(41) 0.030 1.50613(13) 1.1241(94)
M1 0.68 [ 8,22) 1.0272(17) 0.1014(13) 0.124 [11,24) 1.05894(59) 0.11425(59) 0.041 1.65226(13) 1.126(13)
M2 0.41 [ 9,22) 0.7531(10) 0.11027(96) 0.031 [10,24) 0.78463(48) 0.12139(43) 0.023 1.17078(19) 1.1009(77)
M2 0.50 [ 9,22) 0.8524(14) 0.1102(14) 0.041 [10,24) 0.88280(56) 0.12179(54) 0.031 1.34407(17) 1.105(11)
M2 0.59 [ 9,22) 0.9456(18) 0.1079(19) 0.050 [11,24) 0.97500(85) 0.1196(10) 0.035 1.50625(16) 1.109(17)
M2 0.68 [ 9,22) 1.0299(25) 0.1021(26) 0.061 [11,24) 1.0588(11) 0.1137(13) 0.046 1.65232(15) 1.114(25)
M3 0.41 [ 9,22) 0.75830(78) 0.11308(71) 0.016 [ 9,24) 0.78609(41) 0.12240(33) 0.017 1.17153(17) 1.0824(50)
M3 0.50 [ 9,22) 0.85767(100) 0.1131(10) 0.017 [ 9,24) 0.88421(48) 0.12270(45) 0.020 1.34477(16) 1.0848(73)
M3 0.59 [ 9,22) 0.9509(13) 0.1109(14) 0.022 [10,24) 0.97626(74) 0.12019(92) 0.022 1.50691(15) 1.084(10)
M3 0.68 [ 9,22) 1.0357(17) 0.1053(19) 0.032 [10,24) 1.0599(10) 0.1139(13) 0.029 1.65305(15) 1.082(15)
F1 0.32 [ 9,24) 0.61521(49) 0.08985(37) 0.079 [10,24) 0.64846(18) 0.10198(13) 0.015 0.963006(82) 1.1350(41)
F1 0.41 [ 9,24) 0.71880(64) 0.09049(51) 0.072 [10,24) 0.75042(21) 0.10311(16) 0.017 1.145031(75) 1.1395(58)
F1 0.50 [ 9,24) 0.81633(81) 0.08957(68) 0.069 [10,24) 0.84681(25) 0.10242(21) 0.021 1.317369(70) 1.1435(78)
F1 0.59 [ 9,24) 0.9070(10) 0.08671(88) 0.072 [10,24) 0.93668(30) 0.09947(27) 0.035 1.477748(67) 1.147(11)
F1 0.68 [ 9,24) 0.9881(14) 0.0811(11) 0.093 [10,24) 1.01721(38) 0.09322(35) 0.081 1.620889(66) 1.150(15)
Table 6. Results of the correlation function fits.
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ens amh ∆T tmin Bhl χ2/dof ∆T tmin Bhs χ2/dof Bsh/Blh
C0 0.51 20 6 0.7875(32) 0.059 32 9 0.81071(31) 0.026 1.0295(42)
C0 0.57 20 6 0.7971(39) 0.073 32 9 0.82014(39) 0.033 1.0289(50)
C0 0.63 20 5 0.8066(44) 0.085 32 7 0.82935(46) 0.066 1.0282(56)
C0 0.69 20 4 0.8161(50) 0.091 32 6 0.83880(58) 0.079 1.0278(63)
C1 0.50 22 5 0.7916(25) 0.204 26 8 0.80895(74) 0.198 1.0219(32)
C1 0.58 20 6 0.8054(32) 0.343 26 7 0.82186(90) 0.220 1.0204(42)
C1 0.64 20 6 0.8144(39) 0.285 26 6 0.8312(11) 0.147 1.0206(50)
C1 0.69 20 5 0.8228(43) 0.283 26 5 0.8392(13) 0.193 1.0200(56)
C2 0.51 22 7 0.7978(19) 0.103 24 8 0.81038(85) 0.028 1.0158(23)
C2 0.59 22 6 0.8107(23) 0.121 24 7 0.8229(10) 0.046 1.0150(28)
C2 0.64 22 5 0.8185(26) 0.115 24 7 0.8304(12) 0.025 1.0145(32)
C2 0.68 22 5 0.8245(30) 0.121 24 7 0.8364(14) 0.025 1.0145(37)
M0 0.41 22 8 0.7905(21) 0.146 32 12 0.80410(30) 0.276 1.0172(27)
M0 0.50 22 8 0.8091(29) 0.074 32 12 0.82039(39) 0.173 1.0140(36)
M0 0.59 22 6 0.8275(36) 0.098 32 11 0.83506(49) 0.130 1.0091(43)
M0 0.68 22 5 0.8456(46) 0.017 32 9 0.84962(61) 0.044 1.0047(54)
M1 0.41 20 7 0.7932(22) 0.147 28 9 0.80395(85) 0.053 1.0135(30)
M1 0.50 18 7 0.8105(26) 0.198 28 9 0.8203(11) 0.050 1.0121(33)
M1 0.59 18 7 0.8246(35) 0.154 28 8 0.8350(14) 0.128 1.0126(44)
M1 0.68 18 7 0.8377(47) 0.122 28 8 0.8496(20) 0.179 1.0143(58)
M2 0.41 20 8 0.7914(21) 0.272 28 8 0.80290(87) 0.429 1.0145(28)
M2 0.50 18 7 0.8097(24) 0.144 28 8 0.8190(11) 0.297 1.0115(30)
M2 0.59 18 7 0.8241(30) 0.087 28 8 0.8335(14) 0.178 1.0114(39)
M2 0.68 18 6 0.8387(35) 0.146 28 8 0.8480(19) 0.082 1.0112(48)
M3 0.41 20 8 0.7940(18) 0.093 22 9 0.80460(87) 0.000 1.0134(23)
M3 0.50 20 8 0.8110(22) 0.031 22 7 0.82136(96) 0.073 1.0128(29)
M3 0.59 18 7 0.8253(24) 0.033 22 7 0.8357(12) 0.095 1.0126(33)
M3 0.68 18 7 0.8398(30) 0.001 22 6 0.8498(15) 0.310 1.0120(41)
F1 0.32 28 9 0.7776(27) 0.043 30 12 0.78952(44) 0.193 1.0153(35)
F1 0.41 28 8 0.7973(36) 0.092 30 11 0.80911(56) 0.207 1.0149(46)
F1 0.50 26 8 0.8144(40) 0.146 30 11 0.82462(77) 0.055 1.0126(50)
F1 0.59 26 7 0.8291(48) 0.201 30 10 0.8386(10) 0.172 1.0115(60)
F1 0.68 26 5 0.8453(48) 0.478 30 10 0.8524(13) 0.664 1.0084(59)
Table 7. Results of the bag parameter fits.
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B Results of the global fit
Here we list the results of the global fits for the SU(3) breaking ratios fDs/fD (Table 8),
fBs/fB (Table 9), BBs/BBd (Table 10) and ξ (Table 11).
cut name mmaxpi /MeV mH fDs/fD CCL/GeV2 Cχ/GeV
−2 CH/GeV d.o.f χ2/dof p
inc 450 Ds 1.1611(30) 0.022(11) -0.548(15) -0.0599(54) 29 2.46 0.000
exc h/C 450 Ds 1.1601(33) 0.026(11) -0.554(15) -0.0566(63) 26 2.19 0.000
exc h/all 450 Ds 1.1600(33) 0.023(11) -0.549(15) -0.0552(70) 21 2.33 0.001
phys mh cut 450 Ds 1.1617(43) 0.027(14) -0.570(18) -0.068(12) 15 1.95 0.015
inc 430 Ds 1.1681(34) 0.006(12) -0.601(20) -0.0655(57) 25 1.83 0.007
exc h/C 430 Ds 1.1658(37) 0.011(12) -0.597(20) -0.0603(65) 23 1.81 0.010
exc h/all 430 Ds 1.1656(37) 0.009(12) -0.593(21) -0.0590(72) 18 1.90 0.012
phys mh cut 430 Ds 1.1623(46) 0.025(15) -0.574(22) -0.068(13) 12 2.35 0.005
inc 400 Ds 1.1663(34) 0.024(12) -0.680(27) -0.0633(58) 21 1.19 0.243
exc h/C 400 Ds 1.1644(37) 0.028(13) -0.679(27) -0.0584(66) 19 1.08 0.366
exc h/all 400 Ds 1.1642(37) 0.027(13) -0.676(28) -0.0574(73) 15 0.96 0.491
phys mh cut 400 Ds 1.1639(47) 0.038(16) -0.673(32) -0.077(13) 10 1.04 0.402
inc 350 Ds 1.1652(35) 0.031(13) -0.703(29) -0.0621(59) 17 1.21 0.243
exc h/C 350 Ds 1.1633(38) 0.035(13) -0.704(29) -0.0571(66) 15 1.04 0.409
exc h/all 350 Ds 1.1631(38) 0.032(13) -0.694(30) -0.0557(73) 12 0.96 0.480
phys mh cut 350 Ds 1.1632(47) 0.043(16) -0.698(35) -0.077(13) 8 0.92 0.500
inc 350 ηc 1.1653(35) 0.029(13) -0.702(29) -0.0744(71) 17 1.25 0.213
exc h/C 350 ηc 1.1632(38) 0.034(13) -0.703(29) -0.0682(79) 15 1.06 0.390
exc h/all 350 ηc 1.1631(38) 0.031(13) -0.692(30) -0.0672(89) 12 0.99 0.452
phys mh cut 350 ηc 1.1632(47) 0.044(16) -0.697(35) -0.098(17) 8 0.86 0.550
inc 350 D 1.1652(35) 0.031(13) -0.712(29) -0.0537(51) 17 1.20 0.255
exc h/C 350 D 1.1631(38) 0.035(13) -0.711(30) -0.0493(57) 15 1.03 0.420
exc h/all 350 D 1.1630(38) 0.032(13) -0.700(30) -0.0484(64) 12 0.95 0.495
phys mh cut 350 D 1.1630(47) 0.044(16) -0.706(35) -0.068(12) 8 0.86 0.547
inc 330 Ds 1.1675(53) 0.022(19) -0.733(58) -0.0621(67) 13 1.51 0.106
exc h/C 330 Ds 1.1648(55) 0.028(19) -0.727(58) -0.0567(71) 12 1.22 0.260
exc h/all 330 Ds 1.1631(56) 0.031(20) -0.697(61) -0.0546(80) 9 1.20 0.289
phys mh cut 330 Ds 1.1622(63) 0.049(23) -0.678(68) -0.081(14) 5 1.24 0.288
inc 250 Ds 1.1764(68) -0.009(24) -0.93(11) -0.0616(71) 9 1.48 0.149
exc h/C 250 Ds 1.1736(69) -0.003(24) -0.93(11) -0.0556(76) 8 1.06 0.388
exc h/all 250 Ds 1.1713(72) 0.004(25) -0.88(12) -0.0547(86) 6 1.17 0.320
phys mh cut 250 Ds 1.1711(85) 0.021(30) -0.88(15) -0.083(15) 3 1.09 0.353
Table 8. Results of the global fit for fDs/fD.
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cut name mmaxpi /MeV mH fBs/fB CCL/GeV2 Cχ/GeV
−2 CH/GeV d.o.f χ2/dof p
inc 450 Bs 1.1803(43) 0.022(11) -0.548(15) -0.0599(54) 29 2.46 0.000
exc h/C 450 Bs 1.1783(49) 0.026(11) -0.554(15) -0.0566(63) 26 2.19 0.000
exc h/all 450 Bs 1.1777(50) 0.023(11) -0.549(15) -0.0552(70) 21 2.33 0.001
exc l/C 450 Bs 1.1781(60) 0.030(13) -0.576(17) -0.0550(73) 26 1.62 0.024
exc l/all 450 Bs 1.1810(64) 0.039(15) -0.594(22) -0.067(11) 21 1.28 0.173
inc 430 Bs 1.1892(46) 0.006(12) -0.601(20) -0.0655(57) 25 1.83 0.007
exc h/C 430 Bs 1.1852(52) 0.011(12) -0.597(20) -0.0603(65) 23 1.81 0.010
exc h/all 430 Bs 1.1846(53) 0.009(12) -0.593(21) -0.0590(72) 18 1.90 0.012
exc l/C 430 Bs 1.1796(62) 0.025(15) -0.585(21) -0.0556(73) 23 1.77 0.013
exc l/all 430 Bs 1.1857(67) 0.031(16) -0.639(31) -0.070(11) 18 1.22 0.237
inc 400 Bs 1.1867(47) 0.024(12) -0.680(27) -0.0633(58) 21 1.19 0.243
exc h/C 400 Bs 1.1832(53) 0.028(13) -0.679(27) -0.0584(66) 19 1.08 0.366
exc h/all 400 Bs 1.1826(54) 0.027(13) -0.676(28) -0.0574(73) 15 0.96 0.491
exc l/C 400 Bs 1.1806(63) 0.036(15) -0.674(29) -0.0564(74) 19 1.19 0.258
exc l/all 400 Bs 1.1845(67) 0.041(16) -0.689(35) -0.069(11) 15 0.88 0.586
inc 350 Bs 1.1852(48) 0.031(13) -0.703(29) -0.0621(59) 17 1.21 0.243
exc h/C 350 Bs 1.1816(54) 0.035(13) -0.704(29) -0.0571(66) 15 1.04 0.409
exc h/all 350 Bs 1.1810(54) 0.032(13) -0.694(30) -0.0557(73) 12 0.96 0.480
exc l/C 350 Bs 1.1800(64) 0.041(15) -0.705(33) -0.0558(75) 15 1.19 0.273
exc l/all 350 Bs 1.1836(68) 0.044(16) -0.702(37) -0.068(11) 12 0.96 0.486
inc 350 ηb 1.1823(46) 0.029(13) -0.702(29) -0.0744(71) 17 1.25 0.213
exc h/C 350 ηb 1.1788(51) 0.034(13) -0.703(29) -0.0682(79) 15 1.06 0.390
exc h/all 350 ηb 1.1785(52) 0.031(13) -0.692(30) -0.0672(89) 12 0.99 0.452
exc l/C 350 ηb 1.1770(61) 0.040(15) -0.703(33) -0.0664(90) 15 1.22 0.246
exc l/all 350 ηb 1.1808(64) 0.045(16) -0.700(36) -0.085(14) 12 0.99 0.458
inc 350 B 1.1838(47) 0.031(13) -0.712(29) -0.0537(51) 17 1.20 0.255
exc h/C 350 B 1.1802(52) 0.035(13) -0.711(30) -0.0493(57) 15 1.03 0.420
exc h/all 350 B 1.1798(53) 0.032(13) -0.700(30) -0.0484(64) 12 0.95 0.495
exc l/C 350 B 1.1785(62) 0.041(15) -0.710(33) -0.0482(65) 15 1.19 0.274
exc l/all 350 B 1.1822(66) 0.045(16) -0.708(37) -0.060(10) 12 0.95 0.498
inc 330 Bs 1.1875(66) 0.022(19) -0.733(58) -0.0621(67) 13 1.51 0.106
exc h/C 330 Bs 1.1831(70) 0.028(19) -0.727(58) -0.0567(71) 12 1.22 0.260
exc h/all 330 Bs 1.1807(72) 0.031(20) -0.697(61) -0.0546(80) 9 1.20 0.289
exc l/C 330 Bs 1.1820(74) 0.034(21) -0.726(58) -0.0564(76) 12 1.43 0.146
exc l/all 330 Bs 1.1873(85) 0.034(24) -0.746(84) -0.069(12) 9 1.16 0.317
inc 250 Bs 1.1962(78) -0.009(24) -0.93(11) -0.0616(71) 9 1.48 0.149
exc h/C 250 Bs 1.1915(81) -0.003(24) -0.93(11) -0.0556(76) 8 1.06 0.388
exc h/all 250 Bs 1.1888(84) 0.004(25) -0.88(12) -0.0547(86) 6 1.17 0.320
exc l/C 250 Bs 1.1905(87) 0.004(25) -0.92(11) -0.0558(82) 8 1.42 0.184
exc l/all 250 Bs 1.1896(100) 0.021(30) -0.84(16) -0.066(12) 6 1.61 0.139
Table 9. Results of the global fit for fBs/fB .
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cut name mmaxpi /MeV mH BBs/BBd CCL/GeV
2 Cχ/GeV
−2 CH/GeV d.o.f χ2/dof p
inc 450 Bs 1.0045(32) 0.050(11) -0.069(12) 0.0144(66) 29 1.01 0.452
exc h/C 450 Bs 1.0048(32) 0.053(11) -0.067(12) 0.0121(68) 26 0.99 0.484
exc h/all 450 Bs 1.0052(32) 0.052(11) -0.066(12) 0.0119(71) 21 1.13 0.303
exc l/C 450 Bs 1.0057(37) 0.050(13) -0.071(13) 0.0119(72) 26 1.09 0.342
exc l/all 450 Bs 1.0049(39) 0.055(14) -0.055(17) 0.0050(94) 21 1.13 0.303
inc 430 Bs 1.0042(38) 0.055(12) -0.066(14) 0.0127(73) 25 1.03 0.421
exc h/C 430 Bs 1.0042(38) 0.054(13) -0.065(14) 0.0129(73) 23 1.09 0.347
exc h/all 430 Bs 1.0046(39) 0.053(13) -0.064(15) 0.0127(78) 18 1.29 0.182
exc l/C 430 Bs 1.0032(43) 0.060(16) -0.066(14) 0.0129(74) 23 1.11 0.326
exc l/all 430 Bs 1.0007(47) 0.072(18) -0.040(20) 0.0046(99) 18 1.09 0.355
inc 400 Bs 1.0017(41) 0.053(13) -0.080(19) 0.0209(86) 21 0.82 0.693
exc h/C 400 Bs 1.0016(41) 0.052(13) -0.079(19) 0.0212(86) 19 0.88 0.612
exc h/all 400 Bs 1.0022(43) 0.052(13) -0.082(19) 0.0207(93) 15 1.04 0.409
exc l/C 400 Bs 1.0001(46) 0.061(17) -0.084(20) 0.0223(87) 19 0.87 0.618
exc l/all 400 Bs 0.9985(47) 0.069(18) -0.082(28) 0.019(11) 15 0.84 0.630
inc 350 Bs 1.0002(43) 0.056(13) -0.092(25) 0.0237(94) 17 0.84 0.646
exc h/C 350 Bs 1.0001(43) 0.055(14) -0.091(25) 0.0240(95) 15 0.91 0.547
exc h/all 350 Bs 1.0007(45) 0.054(14) -0.094(26) 0.024(10) 12 1.07 0.385
exc l/C 350 Bs 0.9979(49) 0.067(17) -0.108(29) 0.0263(97) 15 0.85 0.623
exc l/all 350 Bs 0.9971(51) 0.072(19) -0.107(40) 0.024(13) 12 0.98 0.470
inc 350 ηb 1.0009(41) 0.055(14) -0.091(25) 0.031(12) 17 0.84 0.645
exc h/C 350 ηb 1.0008(41) 0.054(14) -0.090(25) 0.031(12) 15 0.92 0.545
exc h/all 350 ηb 1.0013(43) 0.053(15) -0.093(27) 0.031(14) 12 1.06 0.388
exc l/C 350 ηb 0.9985(47) 0.066(17) -0.107(29) 0.034(13) 15 0.85 0.626
exc l/all 350 ηb 0.9977(49) 0.071(19) -0.107(40) 0.031(17) 12 0.98 0.469
inc 350 B 1.0005(42) 0.055(13) -0.089(25) 0.0213(84) 17 0.84 0.647
exc h/C 350 B 1.0004(42) 0.055(14) -0.088(26) 0.0215(85) 15 0.91 0.547
exc h/all 350 B 1.0010(44) 0.054(14) -0.091(27) 0.0212(93) 12 1.06 0.387
exc l/C 350 B 0.9981(48) 0.067(17) -0.105(29) 0.0239(87) 15 0.84 0.631
exc l/all 350 B 0.9973(50) 0.071(19) -0.105(40) 0.022(12) 12 0.97 0.475
inc 330 Bs 1.0004(55) 0.050(19) -0.099(36) 0.0262(98) 13 1.00 0.447
exc h/C 330 Bs 1.0005(55) 0.048(20) -0.098(36) 0.0266(98) 12 1.07 0.377
exc h/all 330 Bs 1.0013(59) 0.046(21) -0.103(38) 0.026(11) 9 1.32 0.219
exc l/C 330 Bs 0.9947(71) 0.075(27) -0.097(36) 0.030(10) 12 0.93 0.512
exc l/all 330 Bs 0.9946(72) 0.077(31) -0.102(56) 0.028(15) 9 1.15 0.321
inc 250 Bs 0.9957(68) 0.052(22) -0.03(11) 0.035(12) 9 1.10 0.359
exc h/C 250 Bs 0.9960(69) 0.049(23) -0.03(11) 0.035(12) 8 1.22 0.284
exc h/all 250 Bs 0.9973(71) 0.047(23) -0.04(11) 0.034(12) 6 1.50 0.173
exc l/C 250 Bs 0.9825(98) 0.100(33) 0.07(12) 0.045(13) 8 0.73 0.662
exc l/all 250 Bs 0.976(11) 0.090(40) 0.14(16) 0.070(27) 6 0.64 0.699
Table 10. Results of the global fit for BBs/BBd .
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cut name mmaxpi /MeV mH ξ CCL/GeV2 Cχ/GeV
−2 CH/GeV d.o.f χ2/dof p
inc 450 Bs 1.1718(59) 0.057(15) -0.588(17) -0.030(10) 29 1.38 0.084
exc h/C 450 Bs 1.1729(64) 0.057(15) -0.590(18) -0.032(12) 26 1.49 0.051
exc h/all 450 Bs 1.1711(67) 0.057(16) -0.587(18) -0.029(13) 21 1.62 0.036
exc l/C 450 Bs 1.1740(80) 0.063(18) -0.616(21) -0.033(13) 26 1.23 0.195
exc l/all 450 Bs 1.1799(88) 0.085(23) -0.637(27) -0.060(23) 21 1.22 0.223
inc 430 Bs 1.1815(70) 0.044(17) -0.626(25) -0.041(12) 25 1.35 0.113
exc h/C 430 Bs 1.1808(72) 0.043(17) -0.625(25) -0.039(12) 23 1.45 0.077
exc h/all 430 Bs 1.1790(75) 0.044(18) -0.621(25) -0.036(14) 18 1.62 0.047
exc l/C 430 Bs 1.1756(81) 0.057(19) -0.627(25) -0.032(14) 23 1.33 0.131
exc l/all 430 Bs 1.1834(89) 0.075(24) -0.675(36) -0.059(23) 18 1.25 0.211
inc 400 Bs 1.1842(74) 0.064(18) -0.720(36) -0.050(13) 21 0.98 0.488
exc h/C 400 Bs 1.1834(75) 0.063(18) -0.719(36) -0.048(14) 19 1.05 0.398
exc h/all 400 Bs 1.1834(78) 0.065(19) -0.718(37) -0.050(15) 15 1.08 0.369
exc l/C 400 Bs 1.1755(85) 0.082(21) -0.734(38) -0.036(15) 19 0.85 0.649
exc l/all 400 Bs 1.1788(91) 0.096(25) -0.764(43) -0.051(24) 15 0.65 0.834
inc 350 Bs 1.1851(74) 0.076(19) -0.762(40) -0.056(14) 17 0.83 0.662
exc h/C 350 Bs 1.1843(76) 0.075(19) -0.762(40) -0.055(14) 15 0.90 0.564
exc h/all 350 Bs 1.1835(78) 0.076(19) -0.755(40) -0.054(15) 12 0.95 0.499
exc l/C 350 Bs 1.1752(86) 0.098(21) -0.788(43) -0.041(15) 15 0.58 0.892
exc l/all 350 Bs 1.1763(92) 0.104(26) -0.789(46) -0.048(24) 12 0.57 0.868
inc 350 ηb 1.1829(70) 0.077(19) -0.763(40) -0.071(17) 17 0.82 0.666
exc h/C 350 ηb 1.1822(71) 0.077(19) -0.762(40) -0.068(18) 15 0.90 0.565
exc h/all 350 ηb 1.1814(73) 0.077(19) -0.755(40) -0.068(19) 12 0.94 0.504
exc l/C 350 ηb 1.1736(82) 0.098(21) -0.787(43) -0.051(19) 15 0.59 0.886
exc l/all 350 ηb 1.1747(87) 0.106(26) -0.789(46) -0.062(32) 12 0.58 0.862
inc 350 B 1.1840(72) 0.077(19) -0.769(41) -0.050(12) 17 0.82 0.674
exc h/C 350 B 1.1833(74) 0.077(19) -0.769(41) -0.048(12) 15 0.89 0.576
exc h/all 350 B 1.1825(76) 0.077(20) -0.762(41) -0.048(13) 12 0.93 0.516
exc l/C 350 B 1.1744(84) 0.098(21) -0.791(44) -0.036(13) 15 0.59 0.887
exc l/all 350 B 1.1755(90) 0.105(26) -0.794(46) -0.043(22) 12 0.58 0.861
inc 330 Bs 1.1886(89) 0.063(26) -0.812(80) -0.056(14) 13 0.96 0.484
exc h/C 330 Bs 1.1881(91) 0.063(26) -0.811(80) -0.055(14) 12 1.04 0.411
exc h/all 330 Bs 1.1862(94) 0.068(27) -0.788(82) -0.055(16) 9 1.18 0.305
exc l/C 330 Bs 1.176(11) 0.096(31) -0.792(80) -0.041(16) 12 0.66 0.791
exc l/all 330 Bs 1.179(11) 0.096(38) -0.819(99) -0.048(26) 9 0.66 0.746
inc 250 Bs 1.197(11) 0.034(31) -1.06(17) -0.055(15) 9 0.84 0.577
exc h/C 250 Bs 1.196(11) 0.035(31) -1.06(17) -0.054(15) 8 0.94 0.486
exc h/all 250 Bs 1.195(11) 0.040(32) -1.03(17) -0.056(16) 6 1.11 0.351
exc l/C 250 Bs 1.181(13) 0.072(36) -0.98(17) -0.038(17) 8 0.48 0.868
exc l/all 250 Bs 1.182(16) 0.057(47) -1.04(24) -0.027(36) 6 0.60 0.731
Table 11. Results of the global fit for ξ.
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Figure 21. Analogous plots to Figure 8 for ξ.
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Figure 22. Analogous plots to Figure 8 for BBs/BBd .
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Figure 23. The analogous plots to Figure 10, displaying the chiral and continuum limit behaviour
for the fBs/fB .
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